F(R) gravity in purely affine formulation by Poplawski, Nikodem J.
ar
X
iv
:0
70
6.
44
74
v3
  [
gr
-q
c] 
 4 
Ju
l 2
00
8
International Journal of Modern Physics A
Vol. 23, No. 12 (2008) 1891–1901
c©World Scientific Publishing Co.
F(R) GRAVITY IN PURELY AFFINE FORMULATION
Nikodem J. Pop lawski
Department of Physics, Indiana University, Swain Hall West,
727 East Third Street, Bloomington, IN 47405, USA∗
The purely affine, metric-affine and purely metric formulation of general relativity are dynamically
equivalent and the relation between them is analogous to the Legendre relation between the La-
grangian and Hamiltonian dynamics. We show that one cannot construct a dynamically equivalent,
purely affine Lagrangian from a metric-affine or metric F (R) Lagrangian, nonlinear in the curvature
scalar. Thus the equivalence between the purely affine picture and the two other formulations does
not hold for metric-affine and metric theories of gravity with a nonlinear dependence on the curva-
ture, i.e. F (R) gravity does not have a purely affine formulation. We also show that this equivalence
is restored if the metric tensor is conformally transformed from the Jordan to the Einstein frame, in
which F (R) gravity turns into general relativity with a scalar field. This peculiar behavior of general
relativity, among relativistic theories of gravitation, with respect to purely affine, metric-affine and
purely metric variation could indicate the physicality of the Einstein frame. On the other hand,
it could explain why this theory cannot interpolate among phenomenological behaviors at different
scales.
PACS numbers: 04.20.Fy, 04.50.Kd
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I. INTRODUCTION
In the purely affine (Einstein-Eddington) formulation of general relativity [1, 2, 3, 4, 5, 6], a Lagrangian density
depends on a torsionless affine connection and the symmetric part of the Ricci tensor. This formulation defines the
metric tensor as the derivative of the Lagrangian density with respect to the symmetrized Ricci tensor, obtaining
an algebraic relation between these two tensors. The field equations are derived by varying the total action with
respect to the connection, which gives a differential relation between the connection and the metric tensor and thus
a differential equation for the metric. In the metric-affine (Einstein-Palatini) formulation [7, 8, 9], both the metric
tensor and torsionless connection are independent variables (gravitational potentials), and the field equations are
derived by varying the action with respect to these quantities. The corresponding Lagrangian density is linear in the
symmetric part of the Ricci tensor. In the purely metric (Einstein-Hilbert) formulation [10, 11, 12, 13, 14, 15], the
metric tensor is a dynamical variable, the affine connection is the Riemannian connection that depends entirely on the
metric, and the field equations are derived by varying the action with respect to the metric tensor. The corresponding
Lagrangian density is linear in the Ricci scalar.
All three formulations of general relativity are dynamically equivalent; the relation between the purely affine and
metric-affine picture is analogous to the Legendre relation between the Lagrangian and Hamiltonian dynamics [16, 17].
A crucial factor in this equivalence is the linearity of metric-affine and purely metric Lagrangians with respect to
curvature. Although to each metric-affine or purely metric Lagrangian for the gravitational field and matter there
corresponds the dynamically equivalent purely affine Lagrangian [5, 16], the explicit form of such a Lagrangian is known
only for few cases: the cosmological constant [3], the Klein-Gordon [5], Maxwell and Proca fields [18], and barotropic
fluids [19, 20, 21]. This statement can be generalized to theories of gravitation with purely affine Lagrangians that
depend on the torsion tensor, full Ricci tensor and tensor of homothetic curvature [22, 23].
In this paper we examine the correspondence between metric-affine Lagrangians for the gravitational field that
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2are nonlinear functions of the curvature scalar and the purely affine formulation. These phenomenological F (R)
gravity models are currently of physical interest since they explain inflation and the present acceleration of the
universe [24, 25, 26, 27, 28, 29, 30, 31, 32, 33, 34, 35, 36, 37, 38, 39, 40, 41, 42, 43, 43, 44, 45, 46, 47, 48, 49, 50, 51, 52].
We show that one cannot construct a purely affine Lagrangian that is dynamically equivalent to a nonlinear (in
curvature) metric-affine or metric F (R) Lagrangian unless the metric tensor is conformally transformed from the
Jordan frame to the Einstein frame [53, 54, 55]. Thus F (R) gravity, which corresponds to the Hamiltonian formulation
of classical mechanics, can be written in the purely affine picture, which is analogous to the Lagrangian formulation,
only if we redefine the metric tensor.
II. FIELD EQUATIONS IN PURELY AFFINE GRAVITY
A general purely affine Lagrangian density L depends on the affine connection Γ ρµ ν and the curvature tensor,
Rρµσν = Γ
ρ
µ ν,σ − Γ ρµσ,ν + Γ κµ νΓ ρκσ − Γ κµσΓ ρκ ν . We assume that the dependence of the Lagrangian on the curvature
is restricted to the contracted curvature tensors [23]: the symmetric Pµν = R(µν) and antisymmetric R[µν] part of
the Ricci tensor, Rµν = R
ρ
µρν , and the antisymmetric tensor of homothetic curvature (segmental curvature tensor),
Qµν = R
ρ
ρµν = Γ
ρ
ρ ν,µ − Γ ρρ µ,ν , which has the form of a curl [4, 56]. The metric structure associated with a purely
affine Lagrangian is obtained using [2, 3, 4, 5, 16, 18, 57, 58, 59]
gµν ≡ −2κ ∂L
∂Pµν
, (1)
where gµν is the symmetric fundamental tensor density and κ = 8piG
c4
. The symmetric contravariant metric tensor is
defined by
gµν ≡ g
µν
√−detgρσ . (2)
To make this definition meaningful, we have to assume det(gµν) 6= 0, which, if det(gµν) < 0, also guarantees that the
tensor gµν has the Lorentzian signature (+,−,−,−) [57]. The symmetric covariant metric tensor gµν is related to the
contravariant metric tensor by gµρgνρ = δ
µ
ν . The tensors g
µν and gµν are used for raising and lowering indices. We
also define an antisymmetric tensor density:
hµν ≡ −2κ ∂L
∂Qµν
, (3)
and the hypermomentum density conjugate to the connection [60, 61, 62, 63]:
Πµ νρ ≡ −2κ
∂L
∂Γ ρµ ν
, (4)
which has the same dimension as the connection. Let us assume that the Lagrangian density L does not depend on
R[µν].
If we do not restrict the connection Γ ρµ ν to be symmetric [60, 64], the variation of the Ricci tensor can be trans-
formed into the variation of the connection by means of the Palatini formula [4]. The principle of least action
δ
∫
d4xL(Γ ρµ ν , Pµν , Qµν) = 0 yields [65]
gµν,ρ +
∗Γ µσ ρg
σν + ∗Γ νρ σg
µσ − ∗Γ σσ ρgµν = Πµ νρ −
1
3
Πµ σσ δ
ν
ρ + 2h
νσ
,σδ
µ
ρ −
2
3
hµσ,σδ
ν
ρ , (5)
where ∗Γ ρµ ν = Γ
ρ
µ ν +
2
3δ
ρ
µSν [4, 66], Sµ = S
ν
µν is the torsion vector, S
ρ
µν = Γ
ρ
[µν] is the torsion tensor and the
semicolon denotes the covariant differentiation with respect to Γ ρµ ν . Antisymmetrizing and contracting the indices µ
and ρ in Eq. (5) gives
hσν,σ = j
ν , (6)
where
jν ≡ 1
8
Πσ νσ . (7)
3Equation (6) has the form of the Maxwell equations for the electromagnetic field [57, 65].
The hypermomentum density Πµ νρ represents the source for the purely affine field equations [65]. Since the tensor
density hµν is antisymmetric, the current vector density jµ must be conserved: jµ,µ = 0, which constrains how the
connection Γ ρµ ν can enter a purely affine Lagrangian density L: Π
σ ν
σ ,ν = 0. If L depends only on Pµν , the field
equation (6) becomes a stronger, algebraic constraint on how the Lagrangian depends on the connection: Πσ νσ = 0.
The dependence of a purely affine Lagrangian on the tensor of homothetic curvature replaces this unphysical constraint
with a field equation for hµν . Thus physical Lagrangians that depend explicitly on the affine connection should
also depend on either Qµν , which restores the projective invariance of the total action without constraining the
connection [65].1
III. EQUIVALENCE OF PURELY AFFINE AND METRIC-AFFINE/PURELY METRIC
FORMULATION
If we apply to L(Γ ρµ ν , Pµν , Qµν) the Legendre transformation with respect to Pµν [5, 16], defining the Hamiltonian
density H:
H = L− ∂L
∂Pµν
Pµν = L+
1
2κ
gµνPµν , (8)
we find that H is a function of Γ ρµ ν , g
µν and Qµν . The action variation with respect to g
µν yields the first Hamilton
equation [5, 16, 65]:
Pµν = 2κ
∂H
∂gµν
. (9)
The variations with respect to Pµν and Qµν can be transformed to the variation with respect to Γ
ρ
µ ν by means of the
Palatini formula and the variation of a curl, respectively, giving the second Hamilton equation equivalent to the field
equations (5).
The analogous transformation in classical mechanics goes from a Lagrangian L(qi, q˙i) to a Hamiltonian H(qi, pi) =
pj q˙j−L(qi, q˙i) (or, more precisely, a Routhian since not all the variables are subject to a Legendre transformation [67])
with pi = ∂L
∂q˙i
, where the tensor Pµν corresponds to generalized velocities q˙
i and the density gµν to canonical momenta
pi [5, 16]. Accordingly, the affine connection plays the role of the configuration qi and the source density Πµ νρ
corresponds to generalized forces f i = ∂L
∂qi
[5]. The field equations (5) correspond to the Lagrange equations which
result from Hamilton’s principle δ
∫
L(qi, q˙i)dt = 0 for arbitrary variations δqi vanishing at the boundaries of the
configuration, while the Hamilton equations result from the same principle written as δ
∫
(pj q˙j −H(qi, pi))dt = 0 for
arbitrary variations δqi and δpi [67]. The field equations (5) correspond to the second Hamilton equation, p˙i = −∂H
∂qi
,
and Eq. (9) to the first Hamilton equation, q˙i = ∂H
∂pi
.
If we identify H with the Lagrangian density for matter LMA in the metric-affine formulation of gravitation [16]2
then Eq. (9) has the form of the Einstein equations of general relativity, Pµν − 12Pgµν = κTµν , where P = Pµνgµν and
the symmetric energy-momentum tensor Tµν is defined by the variational relation: 2κδLMA = Tµνδgµν . From Eq. (8)
it follows that − 12κP
√−g, where g = detgµν , is the metric-affine Lagrangian density for the gravitational field Lg, in
agreement with the general-relativistic form. The transition from the affine to the metric-affine formalism shows that
the gravitational Lagrangian density Lg is a Legendre term corresponding to pj q˙j in classical mechanics [5]. Therefore
the purely affine and metric-affine formulation of gravitation are dynamically equivalent if L depends on the affine
connection, the symmetric part of the Ricci tensor [16] and the tensor of homothetic curvature [23].
Substituting Eq. (7) to (5) gives a linear algebraic equation for ∗Γ ρµ ν as a function of the metric tensor, its first
derivatives and the density Πµ νρ . The general solution of this equation is given in Refs. [65] and [68]. If there are no
sources, Πµ νρ = 0, the connection Γ
ρ
µ ν depends only on the metric tensor gµν representing a free gravitational field
and the torsion vector Sµ corresponding to the vectorial degree of freedom associated with the projective invariance.
1 The dependence of L on the tensor R[µν] instead of Qµν also removes the unphysical constraint on the source density Π
µ ν
ρ . However,
the resulting field equation does not have the form of the Maxwell equations since R[µν] is not a curl for a general connection.
2 This identification means that the purely affine theory based on the Lagrangian L and the metric-affine theory based on the matter
Lagrangian LMA equal to H have the same solutions to the corresponding field equations.
4The purely metric formulation of gravitation is dynamically equivalent to the purely affine and metric-affine formu-
lation, which can be shown by applying to H(Γ ρµ ν , g
µν , Qµν) the Legendre transformation with respect to Γ
ρ
µ ν [16].
This transformation defines the Lagrangian density in the momentum space K:
K = H− ∂H
∂Γ ρµ ν
Γ ρµ ν = H+
1
2κ
Πµ νρ Γ
ρ
µ ν , (10)
which is a function of gµν , Πµ νρ and Qµν . The action variation with respect to g
µν yields the Einstein equations:
Pµν = 2κ
∂K
∂gµν
. (11)
The variations with respect to Pµν and Qµν can be transformed to the variation with respect to Γ
ρ
µ ν by means of the
Palatini formula and the variation of a curl, respectively, giving the field equations (5). Finally, the variation with
respect to Πµ νρ gives
Γ ρµ ν = 2κ
∂K
∂Πµ νρ
, (12)
in accordance with Eq. (10).
The analogous transformation in classical mechanics goes from a Hamiltonian H(qi, pi) to a momentum Lagrangian
K(pi, p˙i) = −f jqj −H(qi, pi). The equations of motion result from Hamilton’s principle written as δ ∫ (pj q˙j + f jqj +
K(pi, p˙i))dt = 0. The quantity K is a Lagrangian with respect to pi because pj q˙j + f jqj is a total time derivative
and does not affect the action variation.
If we define
C µνρ = Π
(µ ν)
ρ
− 1
3
δ(µρ Π
ν) σ
σ
− 1
6
Π
σ (µ
σ
δν)ρ − ∗Γ µ(σ ρ)gσν − ∗Γ ν(ρσ)gµσ + ∗Γ σ(σ ρ)gµν , (13)
where the connection Γ ρµ ν depends on the source density Π
µ ν
ρ via Eq. (4) or (12), then the field equations (5) and (7)
can be written as gµν,ρ = C
µν
ρ . Accordingly, Π
µ ν
ρ can be expressed in terms of g
µν
,ρ and S
ρ
µν . Consequently, we can
identify K(gµν , gµν,ρ, S
ρ
µν , Qµν) with a Lagrangian density for matter LM in the purely metric formulation of general
relativity with torsion.3 Similarly, the tensor Pµν(Γ
ρ
µ ν) in Eq. (11) can be expressed as Pµν(gµν , gµν,ρ, S
ρ
µν) which can
be decomposed into the Riemannian Ricci tensor Rµν and terms with the torsion tensor [56], yielding the standard
form of the Einstein equations [16, 23, 65]. The equivalence of purely affine gravity with general relativity, which is a
metric theory, implies that the former is consistent with experimental tests of the weak equivalence principle [69].
IV. F(R) LAGRANGIANS
The metric-affine Lagrangian density for the gravitational field Lg automatically turns out to be linear in the
curvature tensor. The purely metric Lagrangian density for the gravitational field also turns out to be linear in the
curvature tensor: Lg = − 12κR
√−g, since P is a linear function of R = Rµνgµν . Thus metric-affine and metric
Lagrangians for the gravitational field that are nonlinear with respect to curvature cannot be derived from a purely
affine Lagrangian that depends on the connection and the contracted curvature tensors. The reverse statement is
also true: one cannot construct a dynamically equivalent, purely affine Lagrangian from a nonlinear (in curvature)
metric-affine or metric Lagrangian.
To show this impossibility for both the metric-affine and metric pictures, it is sufficient to consider nonlinear
metric-affine Lagrangians since the Legendre transformation with respect to the connection preserves the linearity of
a Lagrangian with respect to the curvature, and to restrict the attention to F (R) gravity models. If we apply to a
Hamiltonian density H(Γ ρµ ν , g
µν) the Legendre transformation with respect to gµν (Refs. [5] and [16]) and use Eq. (9):
L = H− ∂H
∂gµν
gµν = H− 1
2κ
gµνPµν , (14)
3 This identification means that the purely affine theory based on the Lagrangian L and the purely metric theory based on the matter
Lagrangian LM equal to K have the same solutions to the corresponding field equations.
5we obtain a purely affine Lagrangian density L = L(Γ ρµ ν , Pµν). However, if the metric-affine Lagrangian density for
the gravitational field is a nonlinear function F of the curvature scalar R = P :
Lg = − 1
2κ
√−gF (R), (15)
then Eq. (9) becomes
F ′Pµν +
1
2
gµν(F −RF ′) = 2κ ∂H
∂gµν
, (16)
where F ′ = dF (R)
dR
. In this case, the variation of L is given by
δL = − 1
2κ
Πµ νρ δΓ
ρ
µ ν −
1
2κ
(F ′ −RF ′′)gµνδPµν − 1
2κ
(1
2
(F −RF ′)gµν +RF ′′Pµν√−g
)
δgµν . (17)
Consequently, the Lagrangian density L is purely affine if the expression that multiplies δgµν vanishes:
1
2
(F −RF ′)gµν +RF ′′Pµν = 0. (18)
This condition is satisfied, without introducing additional constraints on the field, only if F (R) = αR, where α =
const, i.e. for the Einstein-Hilbert action. In general, F (R) gravity does not have a purely affine formulation.
A metric-affine Lagrangian density
L = Lg + LMA = H− 1
2κ
√−gF (R) (19)
is dynamically equivalent to a scalar-tensor Lagrangian density
LST = H(Γ ρµ ν , gµν)−
1
2κ
√−g(F (φ) + F ·(φ)(R − φ)), (20)
where φ is a scalar field and F ·(φ) = dF (φ)
dφ
. This equivalence holds provided F ′′(R) 6= 0 since the action variation
with respect to φ yields φ = R [70, 71, 72, 73, 74]. If we define a conformally transformed metric tensor:
g˜µν = F
·(φ)gµν , (21)
then Eq. (20) becomes
LST = H˜(Γ ρµ ν , g˜µν , φ)−
1
2κ
Pµν g˜
µν , (22)
where
H˜ = H− 1
2κ
(F ·)−2
√
−g˜(F − φF ·). (23)
The tensor g˜µν is related to g˜µν by g˜
µρg˜νρ = δ
µ
ν , g˜ denotes detg˜µν and g˜
µν =
√−g˜g˜µν . The action variation with
respect to g˜µν yields the Einstein equations:
Pµν = 2κ
∂H˜
∂g˜µν
. (24)
The metric tensor g˜µν is referred to as the Einstein frame metric tensor, while gµν is said to define the Jordan
frame [43, 53, 54, 55, 74, 75, 76].
If we apply to a Hamiltonian density H˜ the Legendre transformation with respect to g˜µν and use Eq. (24):
L˜ = H˜− ∂H˜
∂g˜µν
g˜µν = H˜− 1
2κ
g˜µνPµν , (25)
we obtain
dL˜ =
∂H˜
∂Γ ρµ ν
dΓ ρµ ν +
∂H˜
∂φ
dφ− 1
2κ
g˜µνdPµν . (26)
Consequently, the Lagrangian density L˜ is purely affine: L˜ = L˜(Γ ρµ ν , Pµν , φ) and equals LST . Therefore it is the
Einstein frame metric tensor that plays the role of the generalized momentum in the Legendre transformation from
the metric-affine (Hamiltonian) action to the purely affine (Lagrangian) action.
6V. SUMMARY AND DISCUSSION
In this paper we showed that metric-affine and metric F (R) Lagrangians, with the exception of general relativity,
cannot be related by a Legendre transformation to a purely affine Lagrangian that depends on the connection and
the contracted curvature tensors. This correspondence, however, is restored if we apply a conformal transformation
of the metric tensor from the original Jordan frame, in which a Lagrangian is nonlinear in the Ricci scalar, to
the Einstein frame, in which this Lagrangian becomes linear in the conformally transformed Ricci scalar and F (R)
gravity is turned into general relativity with a nonminimally coupled scalar field. Therefore general relativity, among
relativistic theories of gravitation, shows a peculiar behavior with respect to purely affine, metric-affine and purely
metric variation: all three pictures are dynamically equivalent representations of the same theory like the Lagrange
and Hamilton equations in classical mechanics.
In order to establish the physical frame, one should consider the frame in which physical quantities are measured and
tested with respect to their theoretical predictions. Although dynamical solutions of F (R) models can be conformally
mapped into the Einstein frame, it is not true for their physical properties since the Jordan-frame and Einstein-frame
solutions corresponding to the same generic action can have different physical behaviors [77, 78, 79]. We might
conclude that the Einstein frame is physical since the affine/metric (or Lagrangian/Hamiltonian) equivalence works
only in this frame. However, it would be too much speculative deducing from this observation that nonlinear theories
of gravity have no physical meaning and just represent a different description of Einstein’s general relativity with
some scalar fields, in which the scalar degree of freedom artificially enters the curvature part of the Lagrangian.
In the Einstein frame, matter is nonminimally coupled to the geometrical degrees of freedom and the scalar fields
are of geometrical origin, inducing running coupling constants in the gravity sector and violations of the principle
of equivalence which can serve as constraints on nonlinear theories of gravity. The physically measured metric is
determined from the coupling to matter, and the principle of equivalence can provide an operational definition of
the metric tensor [80]. The question of which frame is physical should be ultimately answered by experiment or
observation.
The result that F (R) gravity does not allow an ambiguous formulation of its dynamical evolution with respect to
different approaches can indicate, because of the higher number of allowed degrees of freedom, its intrisically richer
structure. On the other side, the fact that general relativity is the only relativistic theory of gravitation that allows
such a dynamical equivalence, may indicate the uniqueness of this theory and could explain why general relativity
cannot interpolate among phenomenological behaviors at different scales.
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